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INTRODUCTION
In this review, several processes involving heavy-ion collisions are considered. In the beginning the semiclassical approach to the dynamics of pair creation is investigated. Then we put some expressions for pair production by polarized photon on ions with a charge Z, sufˇciently large, so that higher orders of expansion on the parameter Zα become important. The case of screened nuclei is considered as well.
Also in Sec. 2 we consider the process of multiple lepton pair creation in the collisions of two heavy ions. All leading terms with respect to the parameter Zα are taken into account, including the exchange between ions and the screening effects, as well. We conˇrm the result obtained in quasi-classical approximation concerning the Poisson distribution in the coordinate space, for an inclusive experiment.
The problem of energy loss by the fast muon colliding with heavy nuclei is elaborated at the end of Sec. 2. It is shown that the main mechanism is the electronÄpositron pair production. At the end of this paper the interesting problem of measuring the deviation from the Rutherford formulae due to multiple photon exchanges is also discussed.
Throughout our paper we use the next designations: CC Å Coulomb corrections; EPA Å equivalent photon approximation; FD Å Feynman diagram; LBL Å light by light; LLA Å leading logarithmic approximation; QED Å quantum electrodynamics; RC Å radiative corrections.
PROCESSES WITH HEAVY-ION COLLISIONS

Exclusive and Inclusive Muon Pair Production in Collisions of
Relativistic Nuclei. Lepton pair production in ultrarelativistic nuclear collisions [10] were discussed in numerous papers (see [11] for a review and references therein). For the RHIC and LHC colliders the charge numbers of nuclei Z 1 = Z 2 ≡ Z and their Lorentz factors γ 1 = γ 2 ≡ γ are given in Table 1 . Below we will consider only 2γ mechanism of pair creation ( Fig. 1 ). Bremsstrahlung mechanism, as well as the interference of corresponding amplitudes with 2γ contribution in fragmentation region of nuclei, is not considered here.
The cross section of one e + e − -pair production in Born approximation, described by the Feynman diagram of Fig. 1 , was obtained many years ago [5, 6] . Since the Born cross section σ 
is huge (see Table 1 ), the e + e − -pair production can be a serious background for many experiments. It is also an important issue for the beam lifetime and luminosity of these colliders [12] . It means that various corrections to the Born cross section, as well as the cross section for n-pair production, are of great importance. At present, there are a lot of controversial and incorrect statements Fig. 1 . The Feynman diagram for the 2γ lepton pair production mechanism in the Born approximation in papers devoted to this subject. The corresponding references and critical remarks can be found in [11, 13, 37] .
Since the parameter Zα may be not small (Zα ≈ 0.6 for AuÄAu and PbÄPb collisions), the whole series in Zα has to be summed in order to obtain the cross section with sufˇcient accuracy. The exact cross section for one-pair production σ 1 can be split in the form
where two different types of corrections need to be distinguished. The Coulomb correction σ Coul corresponds to multiphoton exchange of the produced e ± with the nuclei (Fig. 2) ; it was calculated in [13] . The unitary correction σ unit corresponds to the exchange of light-by-light blocks between nuclei (Fig. 3) ; it was calculated in [37] . It was found in [13, 37] that the Coulomb corrections are large, while the unitary corrections are small (see Table 2 ). These results were conˇrmed recently in [14] by a direct summation of the Feynman diagrams. 
in the Born approximation is described by the Feynman diagram of Fig. 1 . When two nuclei with charges Z 1 e and Z 2 e and 4-momenta P 1 and P 2 collide with each other, they emit equivalent (virtual) photons with the 4-momenta q 1 , q 2 , energies ω 1 , ω 2 and their virtualities Q
. Upon fusion, these photons produce a μ + μ − pair with the total four-momentum q 1 + q 2 and the invariant mass squared W 2 = (q 1 + q 2 ) 2 . Besides this, we denote
The Born cross section of the process (2.3) can be calculated to a good accuracy using the EPA in the improved variant (presented, for example, in [7] ). Let the numbers of equivalent photons be dn 1 and dn 2 . The most important contribution to the production cross section stems from photons with very small virtualities Q 2 i μ 2 , where μ is the muon mass. Therefore, to a good approximation, the photons move in opposite directions, and W 2 ≈ 4 ω 1 ω 2 . In this very region the Born differential cross section dσ B for the process considered is related to the cross section σ γγ for the process with real photons, γγ → μ + μ − , by the equation
The number of equivalent photons are (see Eq. (D.4) in [7] )
where
and F (Q 2 ) is the electromagnetic form factor of the nucleus. It is important that the integral over Q 2 converges rapidly for Q 2 > 1/R 2 , where
is the radius of the nucleus with A ≈ M/m p the number of nucleons (R ≈ 7 fm, 1/R ≈ 28 MeV for Au and Pb). Since Q 2 min < ∼ 1/R 2 , the main contribution to the cross section is given by virtual photons with energies
Therefore, we can use the spectrum of equivalent photons (neglecting terms proportional to ω i /E i ) given by
After the transformation
we cast the cross section in the form
Leading Logarithmic Approximation. Before using the above calculation scheme, it is instructive to present a rougher but simpler approximation Å the so-called LLA. In the LLA, the equivalent photon spectrum as a function of photon energy
which leads to
which gives
for large values of W μ, the main contribution to the Born cross section comes from the region of small values of W near the threshold. Therefore, within logarithmic accuracy we replace W by someˇxed value W 0 ∼ 2μ in the lower bound a. After that the integral over W
and further integration over ω 1 leads to
As a result, we obtain
in accordance with the result of Landau & Lifshitz [5, 6] . The accuracy of the LLA depends on the choice of the value for W 0 . If we use for numerical estimations W 0 = 3μ, then the accuracy of the LLA for the colliders discussed is about 15%. The same result can be obtained in the framework of the impact-parameterdependent representation, which will also be useful later. For this aim, we introduce the probability for muon pair production P B (ρ) in the collision of two nuclei at aˇxed impact parameter ρ. For γ 1, it is possible to consider the nuclei as sources of externalˇelds and to calculate P B (ρ) analytically using the same approach as in [37] . The Born cross section σ B can then be obtained by the integration of P B (ρ) over the impact parameter:
We calculate this probability in the LLA, using Eq. (2.4) with 20) where ρ i is the impact parameter of ith equivalent photon with respect to the ith nucleus. This allows us to write the above probability in the form
Depending on the value of ρ, two different forms for Φ(ρ) need to be used:
Note that the function Φ(ρ) is continuous at ρ = γ/μ together with itsˇrst derivative. As expected, the integration of
To prove (2.21)Ä(2.23), we make the transformation given in (2.10) together with the integration over W 2 according to (2.15) . This gives
where ϑ(x) is the step function. The main contribution to this integral is given by two regions:
Moreover, the two regions in the ω 1 integration with μ < ω 1 < γ/R and μ 2 R/γ < ω 1 < μ give the same contributions. As a result, we get
24)
Next we consider the two regions of ρ.
In the region of relatively small impact parameters, R ρ γ/μ, the second step function does not impose any limitations; therefore,
Summing up, we obtain (2.22). In the region of relatively large impact parameters, γ/μ ρ γ 2 /(μ 2 R), we have
therefore, the sum gives (2.23). We compare Eqs. (2.21)Ä(2.23) for Φ(ρ) with the numerical calculations based on the exact matrix element calculated with the approach as outlined in [15] . Weˇnd good agreement for PbÄPb collisions: the discrepancy is less than 10% at μρ > 10 and less than 15% at μρ > 2μR = 7.55.
More Reˇned Calculation.
In the calculation below, for the form factor of the nucleus we use the simple approximation of a monopole form factor, which corresponds to an exponentially decreasing charge distribution, whose mean squared radius r 2 is adjusted to the experimental value:
For lead and gold, the parameter is Λ ≈ 80 MeV. This approximation of the form factor enables us to perform some calculations analytically, which otherwise could only be done numerically. The equivalent photon spectrum dn i (ω i ) is obtained after integrating
(the upper limit of this integration can be set to be equal to inˇnity in a good approximation, due to the fast convergence of the integral at
Here the function
is large for small values of x, 
Finally, we obtain
Since ω i < E and ω 1 ω 2 ∼ μ 2 , we have ω min ∼ μ 2 /E and ω max = E. However, due to the fast decrease of f (x) for x > 1, one can extend these limits up to ω min = 0 and ω max = ∞ without any lack of accuracy; therefore, 
in accordance with Eq. (2.16) (taking into account that Λ/e ≈ 1/R, e = 2, 718 . . .).
Coulomb and Unitary Corrections.
For electronÄpositron pair production the relative value of Coulomb corrections and the unitarity ones are summarized in Table 2 . The Coulomb corrections can be estimated as [13] 
The formulae for unitarity corrections are discussed below (see also [37] ). Consider now production of the μ + μ − pairs. Due to the restriction of the transverse momenta of additionally exchanged photons to the range below 1/R, the effective parameter of the perturbation series is not (Zα) 2 but (Zα) 2 /(Rμ) 2 . In addition, the contribution of the additional photons is suppressed by a logarithmic factor. Indeed, the cross section for two-photon production mechanism is proportional to L 3 , while the cross section for the multiple-photon production mechanism is proportional only to L 2 . Therefore, the real parameter describing the suppression of the Coulomb correction is of the order of 36) which corresponds to Coulomb corrections. This quantity is of order 0.01. The unitary correction σ unit to the one-muon-pair production corresponds to the exchange of light-by-light blocks between the two nuclei ( Fig. 3 ). We start with a more general process Å the production of one μ + μ − pair and n electronÄpositron pairs (n 0) in a collision of two ultrarelativistic nuclei
with the unitary corrections, which correspond to the exchange of the blocks of light-by-light scattering via the virtual lepton loops. The corresponding cross section dσ 1+n can be calculated by a simple generalization of the results obtained in [14] for the n-pair process without muon pair production:
. This multiple-pair-production process was studied in a number of papers, see [11] for a review. It was found that the probability is to a good approximation given by a Poisson distribution with the deviations found to be small. Indeed, it is not difˇcult to show that the basic equations for the latter process should be modiˇed and the additional factor
appears under the integral, where L = ln (γ 1 γ 2 ) and the functionsB μ , A μ and ϕ μ are the same as the functions given in Subsubsec. 2.4.3 but with the replacement of electrons by muons. As a result, Eq. (31) of [14] is replaced by
is the probability of one-muon-pair production in the Born approximation. In the region of interest, ρ > 2R, the function A
therefore, we can rewrite (2.39) in the simpler form
wheren e (ρ) = LA 1 (ρ) is the average number of e + e − pairs produced in collisions of the two nuclei at a given impact parameter ρ. The result that the probabilities for the different processes factorize is due to the independence of the individual processes. For a general discussion of the validity of this factorization together with possible violations, we refer to [15] .
In particular, we get the cross section for the exclusive one μ + μ − -pair production, including the unitary correction as
This expression can be rewritten in the form
where σ B is the Born cross section deˇned in (2.19) and
corresponds to the unitary correction for the one-muon-pair production. A rough estimation of σ unit can be done as follows. The main contribution to σ unit comes from the region
in which the functionn e (ρ) ≈n e (2R) and the integral (2.44) can be calculated in LLA. It gives
As a result, weˇnd σ unit ∼ −1.2 b for the PbÄPb collisions at the LHC, which corresponds approximately to Ä5% of the Born cross section (see Table 2 ). It is seen that unitary corrections are large; in other words, the exclusive production of one muon pair differs considerably from its Born value.
Inclusive Production of One
The experimental study of the exclusive muon-pair production seems to be a very difˇcult task. Indeed, this process requires that the muon pair should be registered without any electronÄ positron pair production, including e ± emitted at very small angles. Otherwise, the corresponding cross section will be close to the Born cross section.
To prove this, let us consider the process (2.37), whose probability is given by Eq. (2.41). The corresponding cross section is
It is clearly seen from this equation that, after summing up over all possible electron pairs, we obtain the Born cross section
Therefore, there is a very deˇnite prediction: the inclusive muon-pair-production cross section coincides with the Born one. This direct consequence of calculations, which take into account strongˇeld effects, may be easier to test experimentally than the prediction for cross sections of several e + e − -pair production. Let us discuss the relation of the cross sections obtained for the muon-pair production with the differential cross section of the e + e − -pair production in the region of large transverse momenta for the e ± , for example, at p ± ⊥ > ∼ 100 MeV. It is clear that for the e + e − -pair production in this region, the situation is similar to the case considered for μ + μ − -pair production. 2.1.6. Two-Muon-Pair Production. The cross section of the process
can be calculated in lowest order in α according to
with the integration region ρ 2R. But in this region the probability P B (ρ) is given to a good accuracy by Eqs. (2.23), (2.1.2). From this we get σ 2 = 1.24 mb for PbÄPb collisions at the LHC.
Testing of EPA Spectrum Accuracy.
To test the approach used in Subsubsec. 2.1.3, we consider the simpler case of the muon-pair production by a real photon with the energy ω off a nucleus
This cross section was calculated by Ivanov and Melnikov in [16] using the same expression (2.25) for the form factor of the nucleus and assuming
The corresponding formula for the Born contribution and thě rst Coulomb correction is
Therefore, the relative magnitude of the Coulomb correction is given by
which conˇrms the estimate in (2.36).
In the equivalent photon approximation, the cross section is given by
which has the form
The main contribution to this integral is given by the region near the lower limit, where the argument of the function f is small and, therefore, f can be replaced by its approximate expression (2.28):
After that the cross section can be calculated without difˇculties as
where I is given by (2.15) and
Comparing this expression with the one of (2.53), weˇnd that those terms which are omitted in the EPA have a relative magnitude of the order of
this expression conˇrms the estimation (2.33).
ElectronÄPositron Pair Production by Linearly Polarized Photon in the Nuclear
Field. Studies of a pair-creation process started in the celebrated papers of 1953Ä1969 and continue to attract the attention up to now [17Ä19, 40, 41] . Main interest nowadays is the use of this process as a polarimeter [31] . Really, it has rather a large cross section and the polarization effects can reach 14% [3, 42] . Two different mechanisms of pair creation must be taken into account: the BetheÄ Heitler one, when the pair is produced in collision of two photons Å one real and the other virtual, and the bremsstrahlung mechanism, when a pair is created by a single virtual photon. It was shown in the fundamental papers by E. Haug [20] that at photon energies exceeding 50 MeV in the target laboratory frame the contribution of the bremsstrahlung mechanism, as well as the interference of the corresponding amplitude with two-photon ones, does not exceed 5% and decreases with further photon energy growth. Taking into account the lowest order RC does not change the situation. In the case of target such as proton or light nuclei, the main contribution to RC is connected withˇnal-state interaction between pair components. The two-virtual-photon exchange between a particle and nuclei amplitude does not interfere with the Born amplitude as they have different signatures. Pure two-photon-exchange amplitude contribution does not contain any enhancement factors, such as ®large logarithms¯of ratio of photon energy ω to lepton mass m, and has order α 2 . It can be neglected compared with contribution of order α/π coming from interference of Born amplitude with 1-loop ones connected with lepton-pair interaction.
The situation changes when one considers the pair creation on heavy nuclei with the charge parameter ν = Zα being not too small. The main contribution arises from a many-photon exchange mechanism between a pair component with nuclei.
The total cross section of pair-creation process by photon on nuclei of charge Z
for unpolarized photon is [1, 41] σ = 28 9
and f (x) is given in Eq. (2.35) . This result has recently been reproduced in an informative paper by Ivanov and Melnikov [16] , where the differential cross section was considered as well.
Direction of e + and e − emittance correlates with the degree and direction of photon linear polarization, and so this process can serve as a polarimetric reaction for the measuring linear polarization of high-energy photons at the present beams in the region of photons. At the present time, experimental tasks request measurements of linear polarization of photon beams in the region of photon energy up to 1Ä2 GeV with accuracy near 1% or better.
The considered process was discussed in detail in the works mentioned above. Calculations in these works were carried out on the basis of wave functions of thě nal electron and positron in the external screened Coulombˇeld in the FurryÄ SommerfeldÄMaue approximation. This approximation is valid for high energy of produced particles, m/ 1,2 1, and for small emitting angles θ 1,2 ∼ m/ 1,2 ≈ 10 −3 ; 1,2 is the energy of electron and positron, and m is the electron mass. It is well known that the main contribution to the cross section of the considered process gives just the region of small emitting angles. In this subsection we use formalism of [9] to consider the case of linearly polarized photon.
First, we brie y sketch the relevant results of [16] . Sudakov's parametrization of 4-momenta is used below:
The conservation law and on-mass-shell conditions lead to
The matrix element corresponding to N -photon exchange is
is the impact factor which is rewritten in the simple form [2, 8, 16 ] with
The quantities S, T obey the recurrent relations
and a similar expression for T (N ) . The initial values, corresponding to the one-photon exchange, are
Introducing the values
and their Fourier transform
the recurrent relations can be written in the form
In the Moliere approximation of atomic form factor in the TomasÄFermi model (we use it below) the expression for the form factor is [22] F (q 2 ) 
I
(1)
The summation over the number of exchanged photons can be performed:
The differential cross section has the form
with the polarization degree of photon, described by means of ξ 1,3 being Stokes parameters, ϕ is the angle between the vector J T and the direction of maximal polarization of photon (if we choose the x axis along the direction of maximal polarization of photon, we put ξ 1 = 0; P = ξ 3 ), and
For the screened potential (ignoring the experimental conditions of pair component deˇnition), we use the expression for the phase given above. Performing the integration on pair momenta, we obtain
with ϕ c 12 = Φ c (r 1 , r 2 ) = (1/2) ln (y 1 /y 2 ). The azimuthal angle ϕ 0 is the angle between the direction of maximal photon polarization and the plane containing the direction of initial photon and electron (positron) from the pair.
For the case of pure Coulomb potential, integration in (2.79) diverges and must be regularized. We leave here this academic problem. For the case of screened potential we obtain
The ν dependence of coefˇcients a(ν), b(ν) is shown in Fig. 5 . Further we will consider the realistic case of nonzero momentum, transferred to nuclei |q| 2 m 2 . For the pure Coulomb potential we have
and 
We note that the quantity in square brackets in the rhs of (2.83) is proportional to q 2 at small q 2 . The experimental restrictions connected with pair component detection can be imposed as a domain of variation of energy fractions and angles of electron and positron.
For the large transverse momentum of the pair component
The Case of Screened Potential.
In a more realistic case of the electromagneticˇeld of atom described above, we do not succeed in obtaining the result in a closed form. So we calculate the values J S , J T by expansion in series up to the terms of theˇrst order of ν.
After this expansion we have for the scalar structure
An analogous expression for the vector structure is
The quantities B, T l , and T l are given in Subsubsec. 2.2.3. The relevant contribution to the total cross section has the form
theˇrst term is given above (see (2.83)) with replacement
T . Writing J (2) T in the form J
T = A 1 p 1 + A 2 p 2 , the second term in (2.87) will be dσ
with
High-order contributions by (Zα) n , n 3 can be expressed with iteration procedure. However, the analytic expression terms become more complicated. Nevertheless, the formulae given here provide the accuracy of order 1% for the case of pair photoproduction on light nuclei Zα < 0.3.
Numerical Estimation. In famous papers by Bethe, Maximon and Olsen [17Ä19]
, the general theory of pair production and bremsstrahlung was built based on electron wave function in the Coulombˇeld. Part of these results was reproduced in a perturbation theory approach in [16] . Unfortunately, the expression for the differential cross sections which can be used in current experiments with speciˇc cuts was rather poorly presented.
These results provide high accuracy, since they are valid in all orders of PT. Using them, the experimental restrictions can be put explicitly. In particular, the formula obtained above can describe the exclusive experiment with pairs photoproduction on a nuclei when both the electron and the positron are tagged. In Fig. 6 the dependence of asymmetry deˇned as (see (2.80))
is presented for ξ 3 = 1 as a function of electron energy fraction x. Asymmetry calculated using formula (2.80) turns out to be rather large compared with the one obtained in [18] and reaches 40%. We should like to note that in [18] an emission restriction θ ± > 10 −3 was put on. The main contribution, however, arises from small values of p 1, 2 m, which is implied in our formula (2.80). Our result can be used in an experimental set-up with the magneticˇeld.
Asymmetry
calculated by formulae with (2.83) atˇxed values p 1 , p 2 is drawn in Fig. 7 . The lowest order correction to it for ν = 0.3 is a quantity of order 10% of Born amplitude.
The differential distribution (2.83) is valid in the case of rather large values of transverse momenta of electronÄpositron pair and provides the possibility to apply the experimental detection details.
The cross section in the case of unpolarized particles is of the order σ ≈ 170 mb, Z = 79.
Accuracy of calculation is determined by the omitted terms The quantity of error is of the order of several percent. The last term corresponds to pair component ofˇnal-state interaction, which was not considered here. This quantity does not depend on energy of the initial photon starting from rather high values of it (ω > 50 MeV) in accordance with the results of [13] .
We show besides (see Subsubsec. 2.2.3) that the effects of higher orders of expansion on the parameter ν = Zα disappear in the case when transverse components of electron and positron momentum considerably exceed the electron mass. The screening effects in asymmetry disappear in this limit as well.
Explicit Calculation of Integrals.
In the case of the screened potential the matrix element corresponding to two-photon exchange has the form
where c l was deˇned above,
We need to calculate the integrals
.
Applying the Feynman joining procedure and performing the standard Feynman parameter integration, we obtain
97)
In this limit we have S (2) = T (2) = 0. It can be shown that S (n) = T (n) = 0, n > 2 is fulˇlled in this limit as well.
Production of e + e − Pairs to All Orders in Zα for Collisions of HighEnergy Muons with Heavy Nuclei. The production of e
+ e − pairs in collisions of high-energy muons with nuclei and atoms is important for a number of problems [30, 32] . In particular, this process is dominant for energy losses of muons passing through matter. A precise knowledge of these losses is necessary for the construction of detectors and μ + μ − colliders and an estimation of shielding at high-energy colliders.
In Born approximation, various cross sections for the process under discussion (A denotes an atom or a nucleus with charge number Z)
have been calculated in [5, 6, 24, 25] . A recent short review on the muon energy loss at high energy can be found in Sec. 23.9 of [9] . Some useful approximate formulae andˇgures are given in [26] . In all the mentioned papers, effects of high-order corrections in the parameter
have not been taken into account. However, this parameter is of the order of 1 for heavy nuclei (ν = 0.6 for Pb) and, therefore, the whole series in ν has to be summed to achieve an exact result for the process (2.99). Let M n be the amplitude of the discussed process with n exchanged photons (Fig. 8) . We present the cross section in the form
where M B = M 1 denotes the Born amplitude. We call the CC the difference dσ Coul between the exact result and the Born approximation. Such a kind of CC is well known in the photoproduction of e + e − pairs on atoms (see [17, 27] , § 32.2 of [1] and § 98 of [2] ). In case of the total cross sect- Therefore, our results are valid for ultrarelativistic leptons. In (2.102) m e and m μ are the lepton masses, ε ± and E μ denote the lepton energies. The discussed process for ε ± E μ has a close relation to A A → A Ae + e − , where A is a fast nucleus with relatively small charge Z α 1 and A is a heavy atom or nucleus with Zα ∼ 1. The latter process was considered in [28] and [23] , assuming that the lepton energies are much smaller than the energy of the projectile nucleus A . In these papers the same complicated method has been used as in [17] , which basically uses approximated relativistic wave functions of e + and e − in the Coulombˇeld of the nucleus A. Our approach is more simple and transparent. It is based on cross sections for the virtual process γ * A → e + e − A (where γ * denotes the virtual photon with 4-momentum squared q 2 < 0) which has recently been obtained in [16] by a direct summation of the corresponding Feynman diagrams. For ε ± E μ our Eqs. (2.115) and (2.125) coincide with Eqs. (38) and (39) 
Here the coefˇcients dn T and dn S are called the number of transverse and scalar virtual photons (generated by the muon) with energy ω and virtuality Q 2 , respectively. The cross sections σ T and σ S have been calculated recently in [16] * : The number of photons can be found in Sec. 6 and App. D of review [7] (with accuracy O(m
For the considered case of muon projectile C = D = 1, other particles are discussed below. Equations (2.103)Ä(2.108) are the basis for our following calculations.
The integration variables can be transformed as follows:
Equation (2.109) describes the energy distribution of e + and e − in CC. In the limit ξ 1 (or y m e /m μ ), the function F (x, y) is approximated by
At ξ 1 we obtain
It is easy to see that the main contribution to σ Coul arises from the region
Strictly speaking, the cross sections (2.104) are valid for pair-production processes on nuclei. In the collisions of virtual photons with atoms, an atomic screening effect has to be taken into account. For high-energy photons the screening effect changes considerably the differential and total cross section as well as the energy loss for the Born contribution. The reason is that the region of small transverse momenta k 1⊥ < ∼ 1/a ∼ m e αZ 1/3 (a denotes the atomic radius) signiˇcantly contributes to the cross sections. As a consequence, the function in the Born contribution equivalent to our F (x, y) becomes very complicated and not universal for different atoms (see [25] ). On the contrary, the region mainly contributing to CC is determined by the condition k 1⊥ , . . . , k n⊥ ∼ m e 1/a. Therefore, the atomic screening effect is negligible in CC and the function F (x, y), as well as some other distributions, is universal and does not depend on atomic properties.
However, if one is interested in very-high-energy pairs effects of the nucleus form factor have to be taken into account both in the Born contributions and in the Coulomb corrections. This happens in the case that the characteristic squared momentum transferred to the nucleus ∼ m 2 , where R A is the radius of the nucleus. From this condition it follows that the just mentioned universal behavior is spoilt for y > 0.5, where this pair production is strongly suppressed.
Muon Energy Loss.
The Coulomb correction to the spectrum of the muon energy loss can be obtained from Eq. (2.109) after integrating over x + :
128 ARBUZOV A. B. ET AL. The function F (y) is presented in Fig. 9 . At small z 1 (where y m e /m μ ), the spectrum has a logarithmic enhancement:
whereas at large z 1 it is power-like suppressed:
The approximate expressions (2.117), (2.118) agree with the exact spectrum (2.115) within 1% accuracy everywhere except in the region y = 0.004−0.02. From the experimental point of view, of special interest is the relative mean rate of muon energy loss due to pair production (or stopping power) on unit length in matter. This quantity can be calculated as
where n is the number of atoms per unit volume. Formulae and tables for the Born contribution S B are given in [24] . In particular, for the case without screening
and for complete screening 
When performing the integration, we have used as lower limit zero, since the contribution from region near the threshold y min = 2m e /E μ can be safely neglected.
Numerical Estimation.
To demonstrate the relative importance of CC, we discuss two simple examples: Firstly, we present in Fig. 10 the ratio of the spectral distribution dσ Coul /dy to the corresponding Born cross section
where the universal function F (y) is given in Eq. (2.115) and values for F a (y, E μ ) are taken from Table I of [24] for collisions of muons with energy E μ = 86.4 GeV It might be useful to present a simple expression for the contribution to σ Coul above some cut ω > ω cut where this cut is restricted to the region 2m e ω cut m e E μ /m μ . From Eq. (2.115) we obtain
The expression (2.115) does not remain valid close to the threshold ω min = 2m e . Therefore, from Eq. (2.125) the Coulomb correction to the total pair-production cross section can be obtained only in leading logarithmic approximation by choosing ω cut = 2m e :
Finally, let us discuss the case that the muon projectile is replaced by other charged projectiles such as electron, pion or proton. For an electron projectile the distributions (2.109) and (2.115) remain valid, changing m μ → m e . However, in these distributions, as well as in the Born contributions, one has to take into account the effect of the identity of theˇnal-state electrons and the bremsstrahlung mechanism of the e + e − -pair production (according to [29] , this changes the result only slightly).
For pion and proton projectiles, in the basic formulae the number of photons should be changed (besides the trivial mass replacements). The numbers of photons are given by Eqs. (2.107) with
Here F π , G E and G M are the pion, proton electric and proton magnetic form factors, respectively, m p is the proton mass. For the pion case, these changes are essential only for y close to 1 where we should take into account the nucleus form factor, too. For the proton case, the nucleus form factor becomes important for somewhat smaller y where the in uence of the proton form factors is still small.
Multiple Lepton-Pair Production in Relativistic Ion
Collisions. The multiplicity and the distribution of lepton pairs produced in the Coulomb elds [14] of two colliding relativistic heavy ions are closely connected to the problem of unitarity. When heavy ions collide at relativistic velocities, their Lorentz contracted electromagneticˇelds are sufˇciently intense to produce a large number of such pairs. Usually, the process of lepton pair production is considered as pair creation in the classic Coulomb potential of a charge moving along a straight line. Such an approach allows one [35] to investigate the impactparameter-dependent total probability of the pair creation P (b), which by deˇn-ition is connected with the total cross section σ = P (b)d 2 b. As was noticed in [23] , the probability of single-pair production calculated to lowest order in theˇne structure constant at small impact parameters exceeds one, thus violating unitarity. This excess begins at impact parameters smaller than the Compton wavelength of the electron λ c = 1/m = 386 fm and at energies of practical interest (RHIC & LHC).
Allowance for theˇnite size of colliding nuclei does not remedy the situation, because that would affect only the impact parameters comparable to the nuclei radii, which are much smaller than the Compton wavelength of the electron R λ c .
As was shown in [36] , this problem can be solved by taking into account the possibility of multiple pair production, whose relative contribution grows with energy and dominates at small impact parameters. Since this early publication, much work has been done in this area (see, e.g., [37] and references therein) with the statement common for all papers: the probability to produce n lepton pairs in the Coulombˇeld of heavy ions colliding atˇxed impact parameter b can be approximately represented as a Poisson distribution, i.e.,
is the average multiplicity of pairs at aˇxed impact parameter.
Because of the somewhat controversial situation in the subject and its importance for the operation of relativistic heavy-ion colliders (RHIC & LHC), in the present subsection we revisit the multiple pair production based on the powerful Sudakov technique, which is very useful in calculations for high-energy processes. Recently, it has been applied [38] to the calculation of Coulomb corrections to single-lepton-pair production in relativistic heavy-ion collisions. Here we extend this approach to get the probability of multiple pair (n 2) production in relativistic heavy-ion collisions. For heavy ions with the charge numbers satisfying the conditions Z 1 α ∼ Z 2 α 1, Z 1 Z 2 α 1, one needs full allowance of multiple Coulomb interaction of colliding nuclei, whereas the secondary interaction of produced pairs (real or virtual) with the Coulombˇelds of colliding ions can be neglected.
The Amplitude of n-Pair Production Process.
The typical FD describing the n-lepton-pair production in the collision of relativistic nuclei with atomic numbers A 1 , A 2 , with n e exchanged photons between colliding nuclei as well as screening effects, e.g., the insertions of n s LBL scattering blocks, is drawn in Fig. 11 .
Upper and lower blocks in Fig. 11 describe amplitudes of interaction of virtual photons with nuclei. They contain the complete set of (n e + n + 2n s )! Feynman diagrams. To avoid the multiple counting in what follows, we will multiply the relevant amplitude by the factor 1/(n e !n s !(2!) 2ns ). As was mentioned above, we restrict ourselves to ions with charge numbers such that
which permits us to omit the multiphoton exchanges between the produced pairs and colliding ions. The dominant mechanism is a production of a single lepton pair per collision of equivalent photons, i.e., one lepton pair per two-photon ladder. The alternative mechanism of multiple pair production per collision of two equivalent photons is suppressed by inverse powers of Z 1 Z 2 .
For the description of a peripheral process of n-lepton-pair creation, i.e., the process (2.128) it is convenient to use the Sudakov parameterization for the four-momentum of all exchanged photons (for details, see [38] )
Herep i are light-like four-vectors built from p i , M i are the masses of colliding nuclei, m and s are the electron mass and the total center-of-mass energy. The denominators of intermediate states of the nucleon Green functions for upper and lower blocks are the same and have the following form:
Peripheral process is characterized by small values of longitudinal Sudakov parameters α i , β i and the transverse momenta of the order of electron mass
Further simpliˇcation follows from the form of the nominators of the exchanged photon Green functions (we work in the Feynman gauge). Using the Gribov representation for the metric tensor
it is easy to show that for the typical conversion of the nuclei currents J μ (p 1 ) and J μ (p 2 ) only one term, which contains the scalar products of a nucleus current with a four-momentum of another nucleus, becomes relevant (with power accuracy):
It can be seen that the quantity J μ (p 1 )p μ 2 /s remainsˇnite with the large values of s. This fact provides great simpliˇcation of the spinor structure of the amplitudē
Besides, we have 
one can be convinced that the amplitude describing the upper and lower blocks in Fig. 11 can be put in the form
with N = n e + 2n s + n − 1.
These expressions contain all dependences on Sudakov parameters α i , β i (the 4-momenta of exchanged photons in the peripheral kinematics in denominators of their Green functions can be considered as Euclidean two-vectors k
At this stage the integration over Sudakov parameters can be done, because the dependence of the amplitude on α i , β i provides the convergence of the relevant integrals
Let us now consider the single-pair production. The amplitude of the process (2.128) in its lowest order (Born approximation) reads [38] 
B αβ is the Compton tensor [38] for pair creation by two virtual photons with polarization vectors e 1 (q 1 ), e 2 (q 2 ); q 1(2) are the 4-momenta of exchanged photons and r = q + + q − . Strictly speaking, the squares of these 4-vectors q 2 i do not vanish in the limit q i → 0. This fact becomes essential when one calculates the total cross section of a single-pair production process. For the case of two or more pair production (which is our case), the replacement q
Using the gauge invariance 
The quantitys 1 is related to the square of the invariant mass of a pair: 
Now we are able to construct the amplitude for the process of n-pair production. Bearing in mind the expressions (2.137), the matrix element of two-pair production can be represented as the convolution of two Born terms from the expression (2.142b):
A straightforward generalization to the matrix element in the case of n-pair production reads
Thus, one can see that the amplitude for multiple pair production is solely determined by the convolution of the amplitudes corresponding to single-pair production.
In the language of the AGK unitarity rules, this result can be interpreted as unitarity cut through all exchanged Pomerons [38] .
The Coulomb Exchanges between Ions.
Let us now consider the effect of m photon exchanges between nuclei A 1 , A 2 . The arguments given above lead to the following matrix element for the process of n-pair production with m photon exchanges among the colliding ions:
Another effect which we take into account is the possibility of the ionÄion interaction through the LBL blocks (screening effect in Fig. 12) , which in the AGK language [39] is equivalent to the exchange by additional uncut Pomerons. It is associated with the iteration of a typical kernel 
The structure (2.147a) entered the matrix element (2.146) in the compact form
The real part of (2.147c) (equal to one half of its s-channel discontinuity) is related with (2.142b) as where dΦ r is the phase volume of the intermediate pair:
We will show later that the imaginary part of Π is irrelevant either for the total cross section or for the probability of n-pair production distribution.
The cross section of n-pair production has the form dσ n = 1 8s where cos θ = nn , ν = [n, n ] and n, n are the unit vectors along the directions of the initial and the scattered electrons motion (we imply the rest frame of the heavy ion); θ is the scattering angle; E, p are the energy and the value of the 3-momentum of the electrons. This correction changes the sign for the case of positron scattering by the same nuclei. It is the reason of the nonzero charge asymmetry, which in the lowest order of PT has a form (in relativistic case)
In papers of the seventies [33, 34] the formula which takes into account all orders of expansion on the x = Zα/v (v is the velocity of electron in the rest frame of the nuclei) parameter was obtained for the asymmetry, using the so-called eikonal approximation. The answer is or exceeding it, we have cos (ϕ(x)) ∼ 1/(4x). In the paper [34] this result was obtained by direct summing of the contribution of Feynman amplitudes with the multiphoton exchange between lepton and the nuclei. It was noted that the real parameter of expansion is Zα/v, where v = p/E is the velocity of the lepton. So, for instance, in the limit x 1 the asymmetry does not depend on x: A = (π/4) sin (θ/2).
Following the paper [33] (see also [1] ), we obtain for the high-energy elastic scattering amplitude of electron with energy E on Coulombˇeld in eikonal approximation
where ρ is the impact parameter; q = 2E sin (θ/2) is the momentum transferred to the nuclei; θ is the electron scattering angle (Laboratory r.f. implied); J 0 (z) is the Bessel function.
We use the eikonal phase in theˇrst and second approximation on the Coulombˇeld 
